In this work, we introduce a non-Gaussian quantum state named excited squeezed vacuum state (ESVS), which can be ustilized to describe quantum light field emitted from the multiphoton quantum process occurred in some restricted quantum systems. We investigate its nonclassical properties such as Wigner distribution in phase space, photon number distribution, the second-order autocorrelation and the quadrature fluctuations. By virtue of the Hilbert-Schmidt distance method, we quantify the non-Gaussianity of the ESVS. Due to the similar photon statistics, we examine the fidelity between the ESVS and the photon-subtraction squeezed vacuum state (PSSVS), and then find the optimal fidelity by monitoring the relevant parameters.
Introduction
Current research suggests that non-Gaussian states, endowed with the qualitative role of quantum coherence or entanglement for revealling the fascinating quantum phenomena, can preserve their nonclassicality much better than Gaussian ones in quantum information process (QIP). Also non-Gaussian operations become an essential ingredient for some quantum tasks such as entanglement distillation [1, 2] and noiseless amplication [3] . To say the least, non-Gaussian regime has powerfully extended to quantum information tasks, e.g. metrology [4] , cloning [5] , communication [6] , computation [7, 8] and testing of quantum theory [9] .
In the frame of non-Gaussian mechanism, much attention has been foused on generation schemes [10, 11, 12, 13, 14] , nonclassicality investigation [15, 16, 17] , quantum protocols [18, 19, 20] . In general, due to the lack of high order nonlinearity, it is very difficult to deterministically generate non-Gaussian states of light via optical material media. Quantum systems with restricted dimensions have proved to be fertile ground for discovering non-Gaussian light. For instance, in a coupled cavity-atom system an extra resonance has been observed as well as vacuum Rabi resonance [21] . In a photonic crystal cavity containing a strongly coupled quantum dot, authors have discovered the photon-induced tunneling phenomena, which is a nonclassical transmitted light [22] . In circuit quantum electrodynamics (QED), the giant self-Kerr effect can be detected by measuring the second-order correlation function and quadrature squeezing spectrum [23] . In those coupled microscopic quantum systems, strong interactions can generate highly nonclassical light, which has possible uses in quantum communication [24] and metrology [25] .
One important question that arises is how to describe quantum states of nonclassical light emitted from the restricted quantum system. Due to strong coupling, the composite system consisting of a multi-level atom (or quantum dot) coupled to a cavity and driven by a weak coherent field, can be described as Jaynes-Cummings (JC) model. Quantum-optical effects can be demonstrated in the interaction processes of photon emission and absorbtion with atom between ground and excited states. Its energy-level structure is discrete, so-called the dressed states [26, 27] , which is an overall description of evalution. Multi-photon processes originated from quantum nonlinearity can be monitored via the fluorescent resonance [28, 29, 30] and the other extra resonance [31] . Only considering an effective measurement to optical field, photon-statistics methods [22] , such as the second-order coherence function at time delay zero
or high order differential correlation function C (n) (0) = a †n a n − a † a n , are often utilized to study nonclassical characteristics of emitting light. For the case of weak coherent incident field, the quantum state of emitted light can be expressed as a series of excited coherent states m C m a †m |α or a superposition of the different Fock states |ψ = n C n |n (due to |α = n α n √ n! |n ) [22] . Its photon-statistics can exhibit similar behavior to that of an excited quantum state (e.g. a †m |ϕ ).
It is interesting to consider a single-mode squeezed vacuum field to be an initial state of the incident source. Therefore, abundant nonclassicality of emitting field can be demonstrated by studying excited squeezed vacuum state (ESVS). In Ref. [32] , considering the interaction of a two-level atom with a squeezed vacuum, authors have calculated the second-order intensity correlation function, the spectrum of squeezing, the coherent spectrum and discussed nonclassical behavior of light field. Similar issues have been addressed in Refs. [33, 34, 35, 36, 37, 38] . A recent experimental study found a twofold reduction of the transverse radiative decay rate of a superconducting artificial atom coupled to continuum squeezed vacuum [39] . More attention has been paid to investigate Wigner function and tomogram of ESVS in Ref. [40, 15, 16, 17] . In this work, we focus on a single-mode squeezed vacuum field with any number of photon addition, and investigate its nonclassical properties. In Sec. II, by virtue of quantum phase space technique, we derive an analytical expression of quasi-probability distribution Wigner function, negativity of which can exhibit nonclassical behavior of the ESVS. And then we investigate its photon number statistics, calculate the Mandel's Q parameter, examine the quadrature fluctuations ∆X , ∆Y and the correlation ∆X ∆Y , which can be measured outside the cavity by using a homodyne detection with a controllable phase. In Sec. III, we evaluate its non-Gaussianity via the Hilbert-Schmidt distance method [41] . As results, we shall study how the photon number modulation affects the non-Gaussianity of the ESVS and provide a guide to enhance non-Gaussianity of a desired quantum state. It is found that photon number distribution of the ESVS is similar to that of the photon-subtraction squeezed vacuum state (PSSVS). Fidelity between the ESVE and the PSSVS is obtained and the optimal fidelity has been discussed in Sec. IV. We end with the main conclusions of our work.
Nonclassical Properties Investigation of the ESVS
As is well known, a single mode squeezed field is an approximation with a superposition of all even number photon states, i.e.,
in which r is the squeezing parameter. Adding one single photon to a weak squeezed field can be described by
which is a superposition of all odd number photon states. Theoretically, by repeating (n times) application of the photon creation operator a † on the squeezed vacuum field, we can obtain the excited squeezed vacuum state (ESVS) a †n S (r) |0 . For the case of small value of n, the ESVS can be generated via the spontaneous parametric down-conversion (SPDC) occured in nonlinear optical media or the multiphoton processes in above-mentioned restricted quantum systems. Thus its density operator reads
in which ρ (r) ≡ S (r) |0 0| S −1 (r) denotes the squeezed vacuum field, C n = T r [ρ (r, n)] = n! cosh n rP n (cosh r) is a normalized constant. P n (cosh r) is the expression of the Legendre polynomials and this result has also obtained in Ref. [40] .
Quasi-probability Distribution: Wigner Function
In order to interview the nonclassical properties of a quantum light fields, the Wigner function, although not positive definition in general, provides a closely parallel interpretation as a probability distribution function. Based on the Weyl's mapping rule [42, 43] , the classical correspondence of density operator ρ is just the Wigner function, namely
or
W (q, p) is the Wigner function of ρ and ∆ (q, p) denotes the Wigner operator, defined in the coordinate representation |q as
Noting that α =
z| = 0| exp − 
which also named the Weyl ordering invariance under similarity transformations [45] . Substituting Eq. (3) into Eq. (5), we can derive the Wigner function of the ESVS, namely
where H n (x) is the Hermite polynomials defined as
As we can see in Eq. (9), the exponential function exp −2 |α cosh r − α * sinh r| 2 is a discription of Gaussian distribution and the Wigner function W (α, α * ) of the ESVS is a sum of products of the Hermite-Gaussian functions. Details in the derivation of Eq.(9) has been shown in Appendix A. 
Photon Number Distribution
In Eq.(3), noting that |0 0| = : exp −a † a : , we have
Photon number distribution (PND) of the ESVS can be defined via the probability of finding m photons, namely
And using |n =
and the differential form of the Hermite polynomials
we have
where C n is given in Eq.(3). For the case of x = 0, we can see
Therefore, the results of P m (r, n) can be decided by the value of m − n. Noting a differential identity for the Legendre polynomials, i.e.
we can rewrite Eq. (14) as
Indeed, the squeezed vacuum field is close to the even number photon superposition states. For the case of an odd photon-addition, the final state can be described by an odd photon superposition states, for details see Eq.(41) in Sec. IV. This point has also been shown on the right column of Figure 2 . When rising value of the squeezing parameter r, we can see that the probability distribution has gradually transited towards to the larger photon number distribution (see from figure 2(D) to figure 2(E)). If adding even photon, this distribution can be described by an even photon superposition states, as you can see on the left column of Figure 2 . For the case of an odd photon-addition, the similar results can also be obtained by enhancing the squeezing r (see from Figure 2 (A) to 2(C)). 
Mandel's Q Parameter
In order to show the occupation of photon number distribution, the above mentioned second-order coherence function at time delay zero g (2) (0) is often utilized to measure the nonclassicality of quantum light. Alternatively, Ref. [46] defined the Mandel's Q parameter,
to characterize nonclassicality with negative values indicating a sub-Poissonian statistics in resonance fluorescence. The minimal value Q = −1 indicates the photon number states and −1 ≤ Q < 0 can be interpreted as a nonclassical probability distribution. Q = 0 means a Poissonian photon number statistics, which is mostly close to the classical probability distribution (e.g. coherent state). For the case of Q > 0, light field is considered to be the super-Poissonian distribution. From Eq. (3) and noting that
the Mandel's Q parameter is given by
where coeffcient C n+j = (n + j)! cosh n+j rP n+j (cosh r) has defined in Eq.(3). As a function of parameters n and r, the Mandel's Q has been shown in Figure 3(A) . From the top to bottom, the values of n are fixed with 0, 1 and 6. For the case of n = 0, Q 1 means the squeezing vacuum field has super-Poissonian photon statistics (see orange line in Figure 3(A) ). Besides n = 0, the ESVS is sub-Poissonian, Poissonian and super-Poissonian with the different ranges of squeezing parameter r (see red line and dashed line in Figure 3(A) ). If n = 0, the ESVS is always a nonclassical state, we can see that Q > 0 does not mean that the state is classical. This point can be confirmed by taking n = 1 and 6 in Figure 3(A) . Obviously, at lower intensity squeezing, the ESVS is sub-Poissonian photon statistics, while high strength means the super-Poisson.
Quadrature Fluctuations
The ESVS is quadrature squeezed and can yield anX quadrature variance ∆X above the standard quantum limit (SQL) at the cost of the otherŶ quadrature variance ∆Ŷ below the SQL. In order to investigate its squeezing behaviour, firstly we calculate the expected value of a general operator a k a †l under the ESVS,
and we can obtain n + 1 m
For the cases of k = 2, l = 0 and k = 0, l = 2, we have r, n| a 2 |r, n = r, n| a †2 |r, n = M (n, r)
where M (n, r) ≡ −C . Therefore, the uncertainties in both quadratures are
where N (n, r) = Cn+1 Cn − 1. As is well known, the coherent state is nearly a classical-like state and its quadratures are the same minimum uncertainty, i.e. ∆X 2 c = ∆Y
which shows the expectation values of field contains only the noise of the vacuum and this noise does not vanish. Reference to the vacuum nosie, signal-to-noise ratio (SNR) SN R Ô = log 10 ∆Ô
is often used to measure the squeezing level of a quantum field.
From (25) and (26) When n = 2 and 6, squeezing behaviours of the ESVS have been shown in Figure 3(B) . As a function of the squeezing parameter r, SN R is a measure to the fluctuation level that is lower than the vacuum noise. Refer to the vacuum field in units of dB, i.e. SN R = 0 (see the black line in Figure 3(B) ), SN R < 0 means that the noise was squeezed in Y quadrature. With rising the value of r, Y quadrature variance ∆Y 2 (green line) goes down gradually, as X quadrature variance (red line) goes up and joint variance ∆X ∆Y (blue line) reduces slowly. When adding more and more photons, SN R has a higher level. That means squeezing behaviours of high-order ESVS can be dominated via squeezing parameter r.
Non-Gaussianity of the ESVS
The criteria and estimation for the quantum non-Gaussianity have proposed by Genoni in Refs. [41] . The non-Gaussianity can be evaluated by
in which D 
where
are the displacement and squeezing operators, repectively. ν (n) =
(1 +n)
m+1 |m m| is the thermal state with ann average number of photons. The parameters ǫ, ς andn are analytical functions of n and r. Firstly, the reference Gaussian state τ will only work if
in other words, their vector of mean values and the covariance matrix are equal. In (29), X j and σ kj denote the vector of mean values and the covariance matrix of a quantum state, respectively, satisfying
where the real vector R = (q 1 , p 1 , q 2 , p 2 , · · · , q n , p n ) T has the commutation relations [R k , R j ] = iΩ kj , symbol {· · · , · · · } denotes the anticommutator, · · · is the expectation value, and Ω kj is the elements of the symplectic matrix Ω = i ⊕ n k=1 σ 2 , σ 2 being the y− Pauli matrix. From the first equation of (29), we have
and considering
we obtain
Indeed, the reference Gaussian state of the ESVS is a squeezed thermal state
where the squeezing coefficient ς and average photons numbern shall be decided by the second equation of (29), i.e.
Tr a 2 ρ (r, n) = Tr a 2 τ (ǫ, ς,n) ,
Tr a † aρ (r, n) = Tr a † aτ (ǫ, ς,n) .
Substituting Eqs. (34) and (3) into Eq. (35), we have
then it follows
M (n, r) and N (n, r) are also shown in (24) and (25) . Since the ESVS is a pure state, thus µ [ρ] ≡Tr ρ 2 =Tr[ρ] = 1, while the squeezed thermal states is mixture, µ [τ ] = T r τ 2 =
(1 + 2n) −1 . Substituting (34) and (3) into κ [ρ, τ ] , we can derive
where Λ (r, ς, m, n) = 0| S −1 (r) a n S (ς) |m has an analytical expression, for details in Appendix C,
Finally, analytical expression of the non-Gaussianity of the ESVS can be derived as
which measures the deviation with reference to a Gaussian squeezed thermal state. δ [ρ] = 0 if and only if ρ is a Gaussian state. This point can be confirmed in Figure 4 (A) with n = 0 (pink line). In Figure 4 (A), from the bottom to the top we can see that non-Gaussianity of the ESVS can be enhanced by adding more and more photon to squeezed vacuum field. Besides added photon number, non-Gaussianity also strongly depends on the squeezing level. When |r| → 0, non-Gaussianity of the ESVS has a higher performance. Similar results can be found for the case of odd photon-addition (see Figure 4 (B)). shown in Eq. (2) . When subtracting one single photon from the squeezed field, we can see
where α j , β j and γ j (j = 1, 2) are real. Therefore, from the point of view of the photon number distribution, the ESVS is close to the PSSVS. The similarity of these states can be estimated by difining the fidelity F, i.e.
where ρ (r, n) is the ESVS shown in Eq. (3), ρ 0 denotes the PSSVS,
where Γ (r, λ, m, n) = 0| S −1 (r) a m+n S (λ) |0 . Comparing Γ (r, λ, m, n) and Λ (r, ς, m, n) = 0| S −1 (r) a n S (ς) |m shown in Eq. (38), we can obtain the analytical expression of Γ (r, λ, m, n) via the replacement of ς → λ, m → 0, and n → m + n in Eq. (39), i.e.
As a result, the fidelity can be derived as
which is an analytical expression for the fidelity between the ESVS and the PSSVS with variance of parameters n, m, λ and r. On the left column of Figure 5 (see Figure 5 (A)-5(C)), the values of photon-addition number n and photon-subtraction number m are independent. In Figure 5 (A), taking n = m = 2, the fidelity as a function of the squeezing parameter r can be obtianed by taking different values of λ = 0.2, 0.5, 1.0 and 1.5, respectively. When λ = 1.5, the optimal fidelity is 0.992613 at r = 1.4758. If taking n = 2, m = 4, the fidelity has been shown in Figure 5 (B), and under the same conditions (λ = 1.5) the optimal fidelity is 0.971793 at r = 1.76518. Figure 5 (C) describes the case of n = 2, m = 6. If always taking the same values of n and m, the fidelity is a continuously varying with the squeezing r and λ (with the different values of λ = 0.2, 0.5, 1.5 and 2.5). The details can be found in Figure 5 (D)-5(E). With the increase of λ, the optimal fidelity for r will be pretty close to 1. For example of n = m = 2 and λ = 2.5, the optimal fidelity is 0.99987 at r = 2.49645. When n = 4, m = 6, and taking the different values of λ and r, the fidelity distribution has been shown in Figure 6 (A). Figure 6 (B) depicts the contour of fidelity with respect to λ and r.
Conclusions and Remarks
Non-Gaussian operations and non-Gaussian quantum states have been proved to be very effective means and useful resources in continuous variable (CV) quantum information processes (QIP). In this work, we have introduced the excited squeezed vacuum state (ESVS), which can be ustilized to describe quantum light field emitted from multiphoton quantum process occurred in some restricted quantum systems. And then we have exhibited its nonclassical properities (e.g. the phase space Wigner distribution, photo number distributions, the second-order autocorrelation Mandel's Q parameter, the quadrature fluctuations). We have also investigated how to quantify the non-Gaussianity of the ESVS. After all, with enhanced non-Gaussian properties may constitute powerful resources for many quantum information tasks [5, 47, 2, 8, 3] . Due to the similar photon number distribution, we have examined the fidelity between the ESVS and the PSSVS, and obtianed an analytical expression of fidelity, from which the optimal fidelity can be decided by monitoring the relevant parameters. With current technology of experimental study, high fidelity preparation of the ESVS can be replaced by the PSSVS generation. In fact, the photon-subtraction operation is relatively easy to implement via the simple optical devices (e.g. beamsplitter) and coincidence measurement. 
we have ρ (λ, n) = C −1 n a †n S (λ) |0 0| S −1 (λ) a n = C −1 n S (λ) a † cosh r + a sinh r n |0 0| a cosh r + a † sinh r n S −1 (λ) .
Thus the Wigner function of ρ (λ, n) can be written as W (α, α * ) = T r [ρ (λ, n) ∆ (α, α * )] = C −1 n 0| S −1 (λ) a n ∆ (α, α * ) a †n S (λ) |0 = C −1 n 0| a cosh r + a † sinh r n S −1 (λ) ∆ (α, α * ) S (λ) a † cosh r + a sinh r n |0 . Figure 6 : Fidelity distribution (A) and its contour (B) with n = 4 and m = 6. As a function of the squeezing parameters λ and r, the optimal fidelity can be decided by adjusting parameters for different cases. In Figure 6 (A), the ridge is the descrption of optimal fidelity. In Figure  6 (B), the smaller blue region means much higher fidelity.
Considering (7) and directly using the transform in (8), we have 
where z = α cosh r − α * sinh r. Thus we have W (α, α * ) = C −1 n 0| a cosh r + a † sinh r n d 2 β π 2 |z + β z − β| e zβ * −z * β a † cosh r + a sinh r n |0 .
Ref. [40] has given a formular f a + ga † n = −i f g 2 n :
then it follows a † cosh r + a sinh r n = −i sinh 2r 4 n : H n i sinh r 2 cosh r a + i cosh r 2 sinh r a † : , a cosh r + a † sinh r n = −i sinh 2r 4 n : H n i cosh r 2 sinh r a + i sinh r 2 cosh r a †
: .
where ν = ς − r. Inserting the completeness relation of coherent state into the above equation and using |m =
